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Abstract

This article is intended for undergraduate students in exact sciences. The objective of this work is to determine in a didactic and detailed way the
equations of motion and of an electrically charged particle that moves in a region with an electromagnetic field, with given initial conditions,
considering the electric field in the plane and the magnetic field in the direction of the axis. Using the Lorentz force, second-order differential
equations for velocity and position are obtained, which are solved by integration methods.
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Resumo

Este artigo é destinado a estudantes de graduagdo em ciéncias exatas. O objetivo desse trabalho é determinar de forma didatica e bem
detalhada as equagdes de movimento e de uma particula eletricamente carregada que se move em uma regido com campo eletromagnético,
com condigdes iniciais dadas, considerando o campo elétrico no plano e o campo magnético na diregdo do eixo . Utilizando a for¢a de
Lorentz sdo obtidas equacoes diferenciais de segunda ordem para a velocidade e posigdo, que sdo solucionadas por métodos de integragao.

Palavras-chave: Campo Elétrico. Campo Magnético. Equagées de Movimento. Campo Eletromagnético. Cicloide. Trajetoria Helicoidal.

1 Introduction

This article addresses the motion of an electrically charged
particle within a region of space containing both electric and
magnetic fields. Key insights into the behavior of this particle
are derived through classical treatment.

The particle’s trajectory together with the force to which
it is subjected depend on how this charged particle enters this
region and the configuration of the electric and magnetic fields
(REITZ, 1960). The objective of this work is to determine the
equations of motion and of an electrically charged particle,
with given initial conditions, considering the electric field in
the plane and the magnetic field in the direction of the axis.
Using the Lorentz force, second-order differential equations
for velocity and position are obtained, which are solved by
integration methods.

In Section 2 the theoretical method used in this work is
presented and in Section 3 the equations of motion for the
particle are obtained. Section 4 is reserved for conclusions and
final comments.

2 Development
2.1 Theoretical treatment
It is known that a particle with charge in the presence

of an electric field is subjected to an electric force given by
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(Vanderlinde, 2004; Meyer, 1972):
F. = qE 01

where the electric force will have the same direction
and direction as the electric field for and will have the same
direction and opposite direction of for .

When entering a region with the presence of a magnetic
field , a particle with an electric charge will be subject to a
force called magnetic force , which will depend on the way
in which depends on the manner in which the particle gains
access to this region. The magnetic force to which a particle
with an electric charge is subjected is given by (Zangwill,
2012):

F)B=qVX_B) 02

The vector product present in Eq. (2) tells us that the
direction of is perpendicular to the vectors and . Therefore, in
regions where fields and are present, the electrically charged
particle is subjected to an electromagnetic force , also known
as Lorentz force, which is a force resulting from the sum of
the forces and , that is (Jackson, 1998):

In the next section, we will apply Eq. (3) in a specific
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situation, which holds significant physical importance. To
elaborate further, we’ll delve into the practical implications
of this equation and explore its relevance within a specific
context.

2.2 Motion in electromagnetic field

We will deal here with the situation in which a particle of
charge and mass is launched into a region where there is an
electric and magnetic field given by:

B = Bk, 04
and
E = Ejj + Ek, 05

and considering the initial speed of the particle to be , that
is, the particle is launched in the plane. Solving the vector
product of Eq. (3), we have:

|t gk
VXB=|vy vy v,
0 0 B

VxB= vyBi — v,Bj.
Considering this last equation and Eq. (5), Eq. (3) becomes:
F= q(Eyj + E,K) + q(v,Bi — vB)),
m3 = qE,j + qE,k + qvyBI — qv,B].
The components of acceleration are:
d =Vl + V) + VK, 06
where the dot over the letter indicates the derivative with
respect to time , as follows:
m(¥,1 + vy + v,k) = qv,Bi + qE,j — qvsBj + qE.k,
— qv,Bj + qE.k,

m(¥,i + ¥y + v,k) = quyBi + qEyj

Defining:
B

o= 9B 07

Note that using the SI units, is charge (in coulombs), is
magnetic field (in teslas), and is mass (in kilograms):
[@] _ [€]-[T]
m kg

The dimensions for charge (C), magnetic field (T), f.nd mass

]g [T]=N-A""-m!

(Kg) are respectively: [C ,

, and . Substituting these dimensions:

[qB]_ A-s:N-A"-m! s-N
m] kg T kg-m
Simplifying, we get:

-

Therefore, is equivalent to the dimension of frequency
(). In SI units, it represents , which is a measure of angular
frequency.
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And from the vector equality in the previous equation to
Eq. (7), we have:

Vx = WVy, 08
vy = q_Ey — WV
y m X’ 09
E
v, = 4Pz 10
m a, = qE,/m
Eq. (10) is easy to solve, since “Z z is a

constant. Thus, the equations governing the motion of the
-component are those of uniformly accelerated motion,
equations well-established in the study of kinematics (Santos,
2022). In fact, by Eq. (10):

d E E
T v, = Lo
dt m m

t

E

j dv, = f qmz dt,
0

Voz

_ qE;
VZ(t) _V0Z+Ft 11

The component of the position can be obtained by
integrating Eq. (11):

dz qE,
ac =Vt
E
dz = vg,dt + 2 at,
m
VA t E t
fdz=fv02dt+q thdt,
m
A 0 0
qE
z(t) —zg = vg,t + mZ t?,
E
z(t) =z + vt + Tz 12

m
Let us now determine the equations of motion and .

Deriving Eq. (8) in relation to time, yields:

Vy = WVy. 13
Inserting Eq. (9) into Eq. (13), we obtain:

) qE
VX+(1)2VX=(1)FY. 14

This is an inhomogeneous differential equation, whose
general solution is (for its detailed solution see Appendix A):

E
vi(t) = ¢4 cos(wt) + ¢, sen(wt) + Ey .

Just for simplicity in the following developments, we set,
indicating a choice for the initial phase of the function. In this

manner:
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E dv. E E
vy (t) = ¢q cos(wt) + Ey . 15 d_ty = % — wcq cos(wt) — ooEy )

) remembering that , in the equation above the last term to the
It can be seen from the expression above that the speed

vx(D) is a periodic function with vy, =E,/B+c; and
Vmin = Ey/B — ¢4. Fig. 1 shows the graph of the function v, (t) _
forc; =1, w=1and E,/B = 1. dvy = —we; cos(wt) dt,

right of the equality cancels with the first term , yields:

Figure 1 - Graph of the component of velocity as a function of v ;

time dvy = —wcy f cos(wt) dt,
20 . T - T T 0 0
® = 2 [sen(ot)]|
% = —/|sen(w ,
y © 0
1.5 vy (t) = cisen(wt). 17
Figure 3 shows the graph of the function for and .
= 104 Figure 3 - Graph of component of velocity:
;;’—' 1.0 T T T
0.5 J
05} 4
0.0 . Y r
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t =
g
Source: the author.
-05 -
To determine the component of the position, we integrate
Eq. (15): A / i : i :
0 5 10 15 20
_ &1 Ey t
x(t) =x0 + Esen((‘)t) + Et' 16  Source: the author.

Unlike the function , the function has no upper or lower

limit. Fig. 2 shows the graph of the function for,, and. To obtain the component of the position, we simply

Figure 2 - Graph of position as a function of time integrate Eq. (17):

dy
Al A —_= t),
20 it cisen(wt)
16 4 i dy = cisen(wt)dt,
i y t
124 g
_ fdy = clfsen(u)t) dt,
E:' 1 Yo 0
8- 4
® % [cos(@v)]|
-y, = ——[cos(w ,
nl ) y Yo (n 0
€1
o . . . y®O =y, + S [1 - cos(wt)]. 18
0 5 10 15 20
Source: the author.
Let us now determine the component of the velocity. It can be observed from the above expression that
Inserting Eq. (15) into Eq. (9), we have: the component of the position is a periodic function

qE E constrained between a minimum and a maximum
v, = —2 — ¢y cos(wt) + —|, . . . .
Y m B point. Figure 4 depicts the graph of the function for

and .
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Figure 4 - Graph of the component of position as a function of
time
20 v T g T T T

0.5+

0.0

0 5 10 15 20

Source: the author.

Summarizing, for an electrically charged particle with a
charge and a mass entering an electromagnetic field given
by Egs. (4) and (5), and considering , we obtain the particle
speed , with:

E, 15
vy (t) = cq cos(wt) + B
vy(t) = cysen(wt), 17
_ qE,
v,(t) = v, + o~ t, 1
and the position of the particle , with:
x(t) =x¢ + ﬁsen(mt) + Et 16
LR B~
C
y®) =y, + El [1 - cos(wb)], 18
qE,
z(t) = 7y + Vot + th, 12

It is interesting to study the projection of movement in the
plane, whose shape will depend on the ratio. Considering ,
, and , Fig. 5 shows some possibilities: Figure 5(a): ; Figure
5(b): ; Figure 5(c): ; Figure 5(d): .

Figure 5 - Graph of versus for (a): ; (b); (c); (d)

() Ey, /B=0.5]
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=

Source: the author.
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For specific values of the constants , , and , the projection
of the movement on the plane is a cycloid (see Appendix B).
Another interesting specific scenario is if . In this case,
Egs. (18) and (16) become:
y() — (yo - cl/u)) = —cos(wt),

y®) —C,=— Calcos(u)t),

0 — %o = -sen(wt)

x(t) Xo = sen(wt),
!

x(t) —Cy = Zsen(u)t) s

which represent the equation of a circle (Leithold, 1982)
with center at , with and . Note that:

[x(t) — CX]2 + [y(t) — Cy]2 = (%)2 cos?(wt) + (%)2 sen?(wt),

Cin2
xO-CIP+ O -6 =(3) .
that is, the radius of the circumference is:
c
R = b3 . 19

W
The speed in the plane in this case of is (see Egs. (15)

and (17)):
Vi () = v (D1 + vy (D],

Vyy (1) = ¢; cos(wt) T + ¢ysen(wt)j,
whose module is:

¥, (O] = /vx(t)2 +vy (07,

1V, (1 = (c)?cos(wt) + (¢;)sen? (1),

|ny(t)| = \/(cl)z[cosz (wt) + sen?(wt)],

|7xy(t)| =4/(c1)? = ¢; = constant.
That is, is a constant that is the particle velocity modulus
in the plane. Using Eq. (19) we have:
IV (O] = ¢1 = wR. 20
Note also that the acceleration in the plane with is:

dyy (1) = Vx(D1 + vy (1)),

3y (D) = —weg sen(wt) T+ weycos(wt)j,
whose absolute value is:

ENGIE /ax<t)2 +vy (0%,

|5xy(t)|
= /(wcy)?sen?(wt) + (wc;)Zcos?(wt),

|3Xy(t)| = J(wcl)z[senz(wt) + cos?(wt)],

[, (O] = V(e )? = wey,

|aXy(t)| = 00|ny(t)| = constant.
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By Eq. (20) we have that , and the previous equation is:

- 2
7, ®

|3Xy(t)| = T , 21

with  being the well-known centripetal acceleration
(SERWAY; JEWETT, 2018).

The velocity component , given by Eq. (11), parallel to
the magnetic field causes the particle to move in the same
direction as the magnetic field. In this scenario, where , the
particle trajectory is helical with the axis in the same direction
as the magnetic field , as illustrated in Figure 6.

Figure 6 - The particle describes a helical trajectory of radius .

Source: Duarte (2024).
3 Conclusion

The general objective of this work was to determine the
equations of motion of a particle with an electric charge and
mass moving in an electromagnetic field. To this end, a quick
theoretical review was made of the electrical and magnetic
forces that act on a charged particle due to the action of
these fields. The components of velocity () and position ()
were then determined and analyzed. The particular case was
adopted in which the electric field is in the plane () and the
magnetic field in the direction of the axis (), considering the
initial speed of the particle , that is, the particle is launched
in the plane. By applying the Lorentz force, second-order
differential equations are derived and subsequently solved
using integration methods. The shape of the motion curve
projected on the plane depends on the ratio. The velocity
component , given by Eq. (11), parallel to the magnetic
field causes the particle to move in the same direction as
the magnetic field, and in the situation where the particle
trajectory it is helical with the axis in the same direction as the
magnetic field . Despite having been applied to a particular
case of electric () and magnetic () fields, the method used here
can be applied to several other situations of charged particles
moving in electromagnetic fields. The book of Jodo Barcelos
Neto (NETO, 2004) determines the same equations obtained
in this article, however in a different way.
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Appendix A

Eq. (14) is a non-homogeneous second-order differential
equation with constant coefficients, of the type (RODRIGUES,
2017)

ag(t) + b§(t) + c&(t) = 8(v), (A1)
whose solution is
&1 = §,(O +8,(0, (A2)

where & (t) is the solution of the homogeneous differential
equation and Ep (t) is a particular solution of Eq. (A1). The
solution of the homogeneous equation is:

g, (D) = Cre"' + Cye™* (if ry # rp), (A3a)
and

§,(t) = Cie™ + Cyte™ (if ry =15), (A3b)
where r; and r, can be determined by the indicial equation:

ar? +br+c=0. (A%)

Comparing the coefficients of Eq. (A1) with Eq. (14), the
indicial equation (A4) takes the form:
1:r2+0'r+w? =0,

2 =-—w?=r=FJ/w? =+
and
r; =iwandr, = —i.
Inserting ry and r, into Eq. (A3a) we have:
g, (D) = Crel®t + Cre™i,
Using Euler’s formula (BUTKOV, 1973):
£, (0 = Cq[cos(wt) + isen(wt)] + Cz[cos(wt) — isen(wt)],

&, (0 = (Cq + Cx)cos(wt) + i(C; — Cz)sen(wt),
defining ¢; = C; + Cy e c; =i(C; — Cp):

&, () = c1 cos(wt) + ¢, sen(wt) . (A5)
Comparing Eq. (A1) with Eq. (14) it is noted that: §(t) is a
constant, that is, §(t) = 8 = wqE,/m. Thus, after substituting
w = qB/m, it can be verified by inspection that the particular
solution Ep (t) = E,/B. Inserting & (t) and Ep (t) in Eq. (A2) we
have:

§(t) = ¢4 cos(wt) + ¢, sen(wt) + % . (A5)

Appendix B

A cycloid is the curve traced by a point on a circle as it rolls
along a straight line without slipping (FLORIAN, 1999). The
parametric equations for a cycloid are:

x = R(6 — sindb), (B1)
and
y = R(1 — cosb). (B2)
Let Eq. (16) be with xq = 0:
E c
x(t) = Eyt + glsen(u)t) ,
E c
_E La
x(t) = e wt + ” sen(wt) .
Considering the specific case in which E; /B = —c;:
c c
x(t) = — Zot+ isen(oot) .
0 0

Defining: R = ¢;/w and 6 = —wt:
x(t) = RO + Rsen(—0) = RO — Rsen(0),

x(t) = R[6 —sen 6],

which is equal to Eq. (B1). Fory, = 0, Eq. (18) becomes:
y(t) = R[1 — cos(=0)],

y(t) = R[1 — cos(0)],
which is equal to Eq. (B2). Therefore, for the specific case in
which E; /B = —cy, the projection of the movement on the XY
plane is a cycloid. Fig. 7 shows y versus x forc; = 1, w = 1,
and E,/B = —1.
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Figure 7 - Graph of versus (a cycloid).

Source: the author.
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